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1. INTRODUCTION AND STATEMENT OF RESULTS 
This paper generalizes a result of Okuyama [4, Theorem 31 on the 
situation wherein a block of a subgroup of a finite group induces to a block 
of the group (in the classical sense of Brauer; see [ 1, p. 1361). Our 
generalization, which comprises Lemma A and Theorem B, is proved 
mainly by observing that Okuyama’s arguments hold under less stringent 
hypotheses. Our results are applied in Theorem C to establish a necessary 
and sufficient condition for when a block of defect zero of a subgroup 
induces to a block of the group. Another application is Theorem D, which 
concerns block induction from a normal subgroup. 
Throughout the paper, H denotes a subgroup of an arbitrary finite group 
G and p is a fixed prime rational integer. Let R be the ring of integers in a 
p-adic number field K of characteristic zero, let rt be a generator of J(R), 
and set R = R/rcR. If M is an RG-module, i@ denotes M/nM. Assume that 
K and R are splitting fields for all subgroups of G. Let v denote the p-adic 
valuation on K, scaled so that v(p) = 1. Let v( / G I) = a and r( 1 H 1) = m, so 
that IGJP=p”, /I1l,,=p”‘. 
Let B, h denote fixed p-blocks of G (resp. H), where B has defect d Let 
Irr (B) (resp. Irr(b)), denote the set of ordinary irreducible characters in B 
(resp. h). If 0 is a rational integral combination of Brauer characters of G, 
let 8 denote the generalized character of G defined by [ 1, IV.1.21, 
a,, = p”@(g) if g is a p/-element of G, 
=o otherwise. 
Note that 8,=p” m(d’;;). 
Let -d”(B) denote the set of all 8 such that 8 is a rational integral com- 
bination of irreducible Brauer characters in B and r(H(1)) = N-d. Thus 
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&O(B) includes all ordinary irreducible characters in B of height zero, and 
all irreducible Brauer characters in B of height zero [ 1, p. 1511. Finally, if 0 
is any rational integral combination of irreducible Brauer characters in B, 
let gH2) equal the set of all blocks h’ of H such that for some [E Irr(h’), 
v((i, (e,)),) = v(i(l )I. 
LEMMA A. Suppose that ho is defined. Then the following are equivalent: 
(i) ho=B; 
(ii) YES!,, for all OE.,&‘~(B); 
(iii) hug,, for some HE.,&‘“(B). 
THEOREM B. Suppose that ho is defined and equals B. 
(i) If M is any RG-module in B such that v(dimR &f) = a- d, then 
some irreducible constituent qf A?,, and hence some indecomposahle sum- 
mand of M,,, belongs to h. 
(ii) If x is an ordinary irreducible character of height zero in B then xH 
contains an irreducible constituent [ of height zero in h, with 
(xH, OH g 0 (mod PI. 
The following corollary is a slight generalization of Okuyama’s result 
[4, Theorem 31: 
COROLLARY 1. Assume that there exists an ordinary irreducible charac- 
ter x which is of height zero in B and such that mu is an irreducible character 
in h. Let h,, be a p-block of H such that b,G is defined. 
(i) Jf b$= B then b,=b. 
(ii) [f ho is defined, then ho = B lf and only ifxu is of height zero in b. 
As Okuyama points out, if x = 1 G and B, b are the principal p-blocks of 
G (resp. H), then Corollary 1 immediately yields the following 
generalization of Brauer’s Third Main Theorem: 
COROLLARY 2 [4, Theorem 41. Suppose that 6, is a p-block of H such 
that b,G is defined. Then b,G is the principal block sf G zf and only tf ho is the 
principal block of H. 
THEOREM C. Suppose that h is a p-block of H of defect zero. Let r+4 be 
the unique character in Irr(b). Then bc is defined if and only tf 4” = nX +pO, 
where n is a positive integer, x is an irreducible character of G in a p-block of 
defect zero, and 0 is either zero or some ordinary character of G. 
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The next result generalizes [ 1, VI.1.41. We make no assumption on the 
centralizer of a defect group. 
THEOREM D. Suppose that HAG and that b is a p-block of H. Then b” is 
defined and has its defect groups contained in H if and only if b is covered by 
a unique p-block B of G and the defect groups qf B are contained in H. 
The following corollary is an immediate consequence of Theorem D. 
COROLLARY 3. Suppose that HAG with p y 1 G : H 1 and that b is a p-block 
of H. Then bG is defined tf and only !f h is covered by a unique p-block qf G. 
If b, a p-block of H, has defect zero and ho is defined, then ho also has 
defect zero [ 1, V.1.61. So the next result follows easily from Theorems C 
and D. It may also be derived from Theorem C and [2, (11.29)]. 
COROLLARY 4. Suppose that b is a p-block of H of defect zero and that 
HAG. Let 4 be the unique character in Irr(b). Then ho is defined if and only 
(f 4” = nX ,for some positive integer n and irreducible character 1 qf G. 
The following example shows that the necessary and sufficient condition 
given in Theorem C for a block of defect zero of H to induce to a block of 
G cannot always be replaced by the stronger condition of Corollary 4 if H 
is not normal in G. Let V be a two-dimensional vector space over GF(3) 
(i.e., an elementary abelian group of order 9) and let G be the semidirect 
product of P’ with the cyclic group generated by the linear transformation 
( 7 A) of V of order 4. Let p = 2, H be a subgroup of V of order 3, 4 a non- 
principal character of H and b the 2-block of 4. Then bG is defined but 4” 
is not a multiple of a single irreducible character. 
2. PROOFS 
First, it is necessary to set more notation. If g E G then g” is the G-con- 
jugacy class of g. If S is a subset of G, 3 denotes C.rES x in the group 
algebra RG. If x is an R-valued class function on G with x( 1) # 0 then ox is 
the K-valued, R-linear function defined on the center of RG such that 
for all g E G. If x E Irr(B) then ox is R-valued and W, (defined in the 
obvious way) is the central character corresponding to B [ 1, IV.4.21. 
If y is an R-valued, R-linear function defined on the center of RH, then 
yG is the R-linear function defined on the center of RG by 
y”(& = y(g”:H) all ge G. 
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Thus, 4 E Irr(h) implies that hG is defined if and only if (wm)” is a central 
character of G [ 1, p. 1361. 
If x is an ordinary character of G, B’ is a p-block of G and 6’ is a p-block 
of H, then xB’ denotes C itlrr(B’) CL ilG i and xhr means Z:dElrr,hs) h &A 
Let xi, denote Css Irrchs,n .X~(hs) (xH, $)A and x,$ = xhr - xf,. If d is a 
character of H then d”’ := (d”)“‘. If 0 is a Brauer character of G then 8,. 
denotes the sum of all the irreducible Brauer constituents Ic/ of OH (with 
multiplicity) such that $ E h’. Let {x,} be a set of representatives for the G- 
conjugacy classes of @-elements of G. 
LEMMA 2.1. Let q5 E Irr(h). Assume that h’; = B. Then the following hold: 
(i) (o~)~ ($I= I G: C&)l 4”(g)MG(l 1, all g E G. 
(ii) IG: C,(g)I~B(g)/~G(l)ER d. an 1s congruent (mod rrR) to (r,,(gC) 
for all g E G and x E Irr( B). 
(iii) Jf B’ # B is a p-block of G then I G: C,( g)I qS”‘( g)/$(;( 1) E xR, all 
g:G. 
Proof: (i) is [l, V.!.!]. (ii) and (” ) ui are contained in Theorem 2 and the 
subsequent proposition in [4]. 
LEMMA 2.2. Zf HE MO(B) and x E Irr(B) then C, o,(.p) 0(x, ‘) f 0 
(mod xR). 
Proof This holds because (x, 8)G =p”x( 1)1 G I 
\a((~, 8),) = v(x( 1)) [ 1, fV.4.7(ii)]. 
’ 1, (ox($) 0(x, ‘) and 
Proqf’of Lemma A. Assume that h” is defined. Let I$ E Irr(h), 8 E J?‘“(B). 
Let N = C, (I G: C,(x,)l @(xj)/d’( 1)) H(x,~ ‘). If B # h” then Lemma 2.1 (iii) 
implies that NE OCR. If B= hG then NE R- TCR by Lemma 2.!(ii) and 
Lemma 2.2. Now 
(4B&=~Vl ’ 1 d”(g)& ‘)=P~IGI ‘@;(l)N. 
y p-element of C, 
so 
4(bB? QG) > v(d”(l)) if Bfh” 
= v(d”( 1)) if B= h’;. 
(2.3) 
Since all the ordinary irreducible constituents of i? are in B [l, IV.4.71, 
Frobenius reciprocity implies that 
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Then by (2.3) B= bG if and only if 
so that 
B=b”*v((d, (~;N,,)=+#UN any 4 E Irr(b), 8 EJY’(B). (2.4) 
Lemma A now follows from (2.4) and the definition of BH(0). 
Proof of Theorem B(i). Assume that bG = B. Let 0 be the Brauer 
character of an RG-module M in B such that v(dimRii;J) = a - d, so that 
0 E d”(B). By Lemma A, v( (4, (O’;;)),) = v(& 1)) for some q5 E Irr(b). Now 
if tj is an irreducible Brauer character in a p-block b’ of H with 6’ # b, then 
$, and hence (OT), is a” integral combination of {cl [ E Irr(b’)} by 
[ 1, IV.3.121, so that (4, (O,.)),, = 0 [ 1, IV.4.11. Since OH= Ob + CbcZh Ohs, 
~((4, (O,)),) = v(d(l)), whence 8, # 0 and (i) is proved. 
Proof of Theorem B(ii). Assume that bG= B and let d~Irr(b), 
x E Irr(B) n ./Z’(B). If b’ #b is a p-block of H then (4, g), = 0 [ 1, IV.4.11 
and ~((4, ~7 )H) > v(#( 1)) [ 1, IV.4.7(ii)]. Since xH = xi + x,’ + &fb x,,,, it 
follows from (2.4) that ~((4, z),) = v(& 1)). Since for any [E Irr(b) n 
d’(b), \I((@, r),)= v(#(l)) [l, IV. 4.7(ii)], it follows that there must exist 
such i with (xH, i), & 0 (modp). This completes the proof. 
Proof of Corollary 1. (i) is immediate by Theorem B(i) applied to the 
given x. If b” = B, then xH is of height zero in b by Theorem B(ii) applied 
to x. Suppose, on the other hand, that xH is of height zero in b but that 
b” = B’ # B. Then by (2.4) v((xH, (I;)),) > v(xH( 1)) which contradicts 
[ 1, IV.4.7(ii)]. 
LEMMA 2.5. (i) Suppose that q5~ Irr(b) and that I$“= T +x7= 1 mixi, 
where m, is a positive integer, xie Irr(B) and v(m,xi( 1)) 2 v(4”( 1)) for 
1 bidn, and z is a character of G such that .for all ge G, 
v(t(g))>v(&l))+v()CG(g)l)-v(IHI) (z may be 0). Then bG is defined 
and equals B. 
(ii) (A purtiul converse) Suppose that bG = B, and additionally that the 
defect of b equals the defect of B. Then for any 4 of height zero in Irr(b), 
4” = T + CimjXi, where 4” = Cj miXi, t = 4” - dB, v(m,XJ 1)) 2 v(I$“( 1)) for 
all i, andfor allg~G, v(r(g))>v(#(l))+ 41 CGk)i)-vv(l~l). 
Proof: (i) Let #E Irr(b) satisfy the hypotheses of (i). Then by Lem- 
ma 2.1 (i), 
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(w++)G(P)=dc(l) ’ IG’C~(g)l(r(g)+ i miXl(g)) 
r=l 
=4”(l)-’ IG: C,(g)1 t(g)+@(l)-’ i mjX,(l)w& 
,=I 
for all g E G. By hypothesis, 
so that d”( 1) ’ I G : C,( g)l r(g) E nR. In particular, 4”( 1) ’ r( 1) E xR. 
Since each m,x,( 1) d”( 1) ~ ’ E R, by assumption, we have that 
(qh)G &=4Gw’ w&?) 
+4”(l) ’ i m,x,(l)o,,(~) (modnR) 
,=I 
=4”(l) ’ (z(l)+ f m,;(,(l))w,,(~)=w,,(~). 
r=l 
Thus, h” = B. 
(ii) Assume that h”= B, that h and B have the same defect d, and 
that 4 E Irr(h) n .&“(6). Then v(4”( 1)) = a - d < v(x,( 1)) for each 
irreducible constituent x, of d”. If T = 0” - #B, then Lemma 2.1 (iii) implies 
that for all ge G, I G: C,(g)1 r(g)/d”( 1)~ OCR. Hence v(z(g)) > v(d’(1)) - 
v(IG:C~(~)O=~(~(~))+~(IC~(~)I)-~(I~I). 
Proof of Theorem C. Let h have p-defect zero, and let 4 be the unique 
character in b-r(h). Suppose first that bG is defined. Then hG has defect zero 
[ 1, V.1.61, and so contains a unique ordinary irreducible character x. Then 
(4, xH)H # 0 by Theorem B, and hence (b”, x)~ # 0. (This also follows from 
[l, V.1.31). Let-c E Irr(G), [#x. By the proof of Lemma A, h$BH([), 
whence v((~,(I~)~)> v(d(l)). But 4 vanishes on p-singular elements, so 
that (4, ([H))H =p”(#, [H)H. Since v(+( 1)) = m, it follows that 
pj($, [H)H= (4G, <)c and 4” = no +pO for some positive integer n and 
character fI (unless 8 = 0). 
To prove the converse, suppose that 4” = no + pfl where n is a positive 
integer, x E Irr(G) has p-defect zero, and 6’ is a character of G or equals 0. 
Now 13 vanishes on p-singular elements (since x and 4” both do so), hence 
0 is a rational integral combination of projective indecomposable charac- 
ters [l, IV.3.131. Then v(B(g))>v(jC,(g)l) for all gEG [l,IV.2.3]. So 
v(pe(g))>v(lC,(g)l)=v(lC,(g)l)+v(rp(l))-v(lHI). Since vMl))3 
v(x( 1)) = v( 1 G 1) = v(4”( 1 )), it follows from Lemma 2.5(i) that bG is defined 
and equals the block which contains x. Theorem C is established. 
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Suppose that HAG. Recall that B is termed weakly regular with respect to 
H if there exists a conjugate class C of G with C’s H such that the defect of 
B equals theTdefect of C and the central character corresponding to B is 
nonzero on C [ 1, p. 1991. If B covers h, then B is weakly regular if and 
only if B is of maximal defect among the blocks of G which cover b [ 1, 
V.3.121. If B is induced from a block of H, then B is regular, i.e., the central 
character of B is zero on the sums of all G-conjugate classes which are not 
contained in H [ 1, V.3.61, and hence B is weakly regular. The next lemma 
is a partial converse of this fact. 
LEMMA 2.6. Let HAG. Let b be a block of‘H such that 6” is defined. If B 
is a weakly regular block of G which covers b then B = b”. 
Proof: Let < E B have height zero and let 4 be an irreducible constituent 
of cH. Let T(b) (resp. T(d)), denote the stabilizer of b (resp. #), in G. By 
[l, V.3.151, lb = e C-;ET(h,,ToJ 4” where e is a positive integer, 
p{e 1 T(b) : r(4)/ and 4 has height zero in 6. Thus, ih E *M’(b). Hence, 
v((d, [;)) = ~((4, c)) = v(& I)) by [ 1, IV.4.7(ii)]. So Lemma A implies that 
bG= B. 
Proof of Theorem D. Suppose first that b” is defined and has its defect 
groups contained in H. Let B cover b. We wish to prove that B = 6”. Since 
b” is weakly regular, [ 1, V.3.143 implies that there exists a defect group D 
of b” such that D = D n H is a defect group of b. Also, bG covers b 
[ 1, V.3.71. If B is weakly regular then B = bG by Lemma 2.6. So we may 
assume that if D, is a defect group of B then 1 D, 1 < ( D I. By [3, 
Proposition 4.21, there exists g E G such that Df n H is a defect group of b. 
Thus JD~=~DfnHI6~D$~<~D), whichisacontradiction. 
To prove the converse, suppose that B is the only block of G which 
covers b and that the defect groups of B are contained in H. By [ 1, V.3.141, 
there is a defect group D of B such that D = D n H is a defect group of b. 
Let ) D 1 =p’, and let d E Irr(b) have height zero. Now 4” = C, miXi where 
the mj are positive integers and all x, E B. Then v(x,( 1)) 3 a-d= v(d”( 1)). 
So by Lemma 2.5 (with t = 0) we have that B = bc. 
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